In this paper, we obtain some best proximity point results for a new class of non-self mappings T : A − → B called special generalized proximal β-quasi contractive. Our result is illustrated by an example. Several consequences are derived.
Introduction
The famous Banach contraction principle guarantees the existence and uniqueness of fixed points of self-mappings T : X − → X, where (X, d) is a complete metric space. The Banach contraction principle has been generalized in different ways as in [1] . The main interesting studies deal with the extension of Banach's contraction to non-self-mappings T : A − → B, where (A, B) is a pair of subsets of a metric space (X, d) . In fact such mappings do not necessarily have fixed points. The idea is to look for points where d(ζ , Tζ ) = d (A, B) . Such points are called best proximity points. In 1969, a best approximation theorem was introduced by Fan [2] . Later on, Sadiq Basha [3] proposed necessary and sufficient conditions for the existence of proximal contractions of first and second kind for such points. Several variants of non-self-contractions for the existence of a best proximity point were studied in [4] [5] [6] [7] .
In 2014, Almeida et al. [8] , by using the notion of P-property (weak P-property), proved that some late results about the existence and uniqueness of best proximity points can be obtained from the versions of associated existing results in the fixed point theory.
Our work focuses on the best proximity point theorem for a new family of non-selfmappings called special generalized proximal β-quasi contractive mappings. As an application to the self-mapping case, the present work generalizes several existing results on fixed point theory as the Banach contraction principle [9] and the generalization of such a principle by Ćirić in [1] .
The paper is divided into five sections. Section 2 introduces the notation used herein, presents some definitions, and recalls some useful results. The best proximity point the-orem with its proof is stated in Sect. 3. Finally, several consequences on the existence and uniqueness of best proximity points and fixed point results are given in Sect. 4.
Preliminaries and definitions
Let (A, B) be a pair of nonempty subsets of a metric space (X, d). Throughout this work we consider the following notations: (A, B) ;
* is said to be a best prox- 
The set of all β-comparison functions ϕ satisfying (1), (2) , and (3) will be denoted by Φ β .
A useful lemma concerning the comparison functions Φ β was performed in [10] . 
Definition 2. 6 We say that B is approximately compact with respect to A iff every se-
for some ζ ∈ A has a convergent subsequence.
Main results and theorems
First, we introduce the following concept. Let β ∈ (0, +∞). A non-self-mapping T : A → B is said to be a special generalized proximal β-quasi contractive mapping iff there exist ϕ ∈ Φ β and positive numbers α i , i = 1, 2, 3, 4, such that:
where
M T (ζ , η) was introduced in [12] . Our main result is given by the following best proximity point theorem. 
.
Moreover, assume that one of the following conditions holds:
• ϕ is continuous;
Then T has a unique best proximity point
. Continuing this process, we can build a sequence {ζ n } ⊂ A 0 such that
Using the P-property, we get
Our next step is to prove that {ζ n } is a Cauchy sequence. Since T is special generalized proximal β-quasi contractive, we obtain
On the other hand, using (3.2), (3.3), and the triangular inequality, we get
Hence,
where β ≥ max 0≤k≤3 {α k , 2α 4 }. Using inequalities (3.3) and (3.5) and taking into consideration the fact that ϕ is nondecreasing, we get that
Suppose that, for some n,
, and it follows that
Then, by induction, we obtain that ζ 1 , ζ 0 ) ) < . For m > n > N , using the triangular inequality, the convergence of the series, and (3.7), we obtain
Therefore, ζ n is a Cauchy sequence. Since (X, d) is complete and A is closed, then the sequence {ζ n } converges to some element ζ ∈ A.
On the other hand, we have
As n → ∞, we get that the sequence d(ζ , Tζ n ) converges to d(ζ , B). Using hypothesis (2) of the theorem, there exists a subsequence {ζ n(k) } of {ζ n } such that T(ζ n(k) ) converges to some η ∈ B. Hence
As n → ∞, we get that
. Using the P-property, we deduce that
Since T is special generalized β-proximal quasi-contractive, we obtain
On the other hand, using the triangular inequality and (3.2), we have
Moreover, using the triangular inequality, we get
Using inequality (3.11) and (3.2), we obtain that
, letting n − → +∞ in inequality (3.10), we get
Suppose that s > 0. If ϕ is continuous, letting n − → +∞ in inequality (3.12) and using the fact that ϕ is nondecreasing, we get
which is a contradiction. If β > max{α 1 , α 3 }. We claim that also s = 0. Suppose that s > 0. Using inequality (3.13) and the definition of the limit, there exist ε > 0 and N > 0 such that, for all n > N , we have M T (ζ n , ζ ) < (max{α 1 , α 3 } + ε)s. Since ϕ is nondecreasing, from (3.13), we get
By letting n − → +∞ in (3.14), we get
which is a contradiction. Therefore s = 0 and so
, that is, ζ is the best proximity point. For the uniqueness, suppose that there are two distinct best proximity points ζ and η
On the other hand, since T is special generalized proximal β-quasi contractive, we deduce that
Using triangular inequalities in M T (ζ , η) and the fact that ζ and η are best proximity points of T, we get
Since ϕ is nondecreasing, we obtain r ≤ ϕ {α 0 , α 3 , α 4 }r ≤ ϕ(βr) = ϕ β (r) < r, which is a contradiction. t ∈ Φ 2 ⊂ Φ 1 using Remark 2.3.
The function φ(t) is continuous mappings as well as β = 2 > max{α 1 , α 3 } = 0. We deduce, using our Theorem 3.2, that T has a unique best proximity point which is ζ * = 2 in this example.
Consequences
Several consequences of the main results of Sect. 3 are established next.
First, as an application to best proximity points, we propose the following results, which are an immediate consequence of our main Theorem 3.2. 
Then T has the unique best proximity point ζ ∈ A such that d(ζ , Tζ ) = d(A, B).
Proof Note that the above quantity M(ζ , η) was introduced by Jleli, Karapinar, and Samet in [13] . The main idea is that
So α i = 1 for all i ∈ {0, 1, . . . , 4}. So for β ≥ 2 > max{α 1 , α 3 } = 1. According to our Theorem 3.2, if the comparison function ϕ ∈ Φ 2 , then T has a unique proximity point in A. 
Then T has a unique best proximity point ζ ∈ A such that d(ζ , Tζ ) = d(A, B).
Proof Let ϕ = qt, which belongs to Φ 1 and is continuous. According our Theorem 3.2, T has a unique proximity point in A.
Before proposing consequences of our result to the existence and uniqueness of fixed points for self-mappings, we introduce the following definition. 
with α k ≥ 0 for k = 0, . . . , 4.
Several papers dealt with fixed point theory in the context of the generalizing of Banach's principle as in [14] [15] [16] [17] [18] [19] [20] . By our generalized β-quasi contractive mapping, we can propose some theorems on the existence and uniqueness of fixed points in complete spaces in a simple way. (X, d) be a nonempty complete metric space. Consider a self-mapping T : X − → X. Suppose that there exists β ≥ max 0≤k≤3 {α k , 2α 4 } such that T is a β-quasi contractive mapping.
Corollary 4.4 Let
Moreover, assume that one of the following conditions holds:
• β > max{α 1 , α 3 }.
Then T has a unique fixed point in X.
Proof This is an immediate consequence of our main Theorem 3.2 since A = B = X and every set is approximately compact with its self. Moreover, the notion of special generalized β-proximal quasi-contractive on the self-mapping case is exactly a β-quasi-contractive one.
Also the famous Cirić theorem is an immediate consequence of our theorem. Proof Using our main Theorem 3.2, since A = B = X and every set is approximately compact with its self, the function ϕ(t) = qt, which is continuous and belongs to the set Φ 1 .
Conclusion
Improvements to some best proximity point theorems are proposed. This has been achieved by introducing a suitable mapping called special generalized proximal β-quasi contractive. These are non-self-mappings involving β-comparison functions. As an application, we establish the existence and uniqueness of well-known fixed point results for the case of self-mappings on complete metric spaces. We confirm our result by a suitable example.
